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Abstract 

We study solutions of the one-loop /3-functions of the critical bosonic string 
theory in the framework of the Renormalization Group (RG) approach to string 
theory, considering explicitly the effects of the 21 extra dimensions. In the RG 
approach the 26-dimensional manifold is given in terms of M 4 x R 1 x H.21- In 
calculating the Wilson loops, as it is well known for this kind of confining geometry, 
two phenomena appear: confinement and over-confinement. There is a critical 
minimal surface below of which it leads to confinement only. The role of the extra 
dimensions is understood in terms of a dimensionless scale I provided by them. 
Therefore, the effective string tension in the area law, the length of the Wilson 
loops, as well as, the size of the critical minimal surface depend on this scale. 
When this confining geometry is used to study a field-theory /3-function with an 
infrared attractive point (as the Novikov-Shifman-Vainshtein-Zakharov /3-function) 
the range of the couplings where the field theory is confining depends on that scale. 
We have explicitly calculated the /-dependence of that range. 
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In a previous paper |IJ we studied the holographic renormalization group flow associ- 
ated to the Yang-Mills theory where the coupling constant diverges in the infrared limit^ 
and, /3-functions with an infrared attractive point, as the Novikov-Shifman-Vainshtein- 
Zakharov (NVSZ) one ||. It has been considered in the framework of the Renormalization 
Group approach to the string theory developed by Alvarez and Gomez || f|. In it 
has been calculated the Wilson loops and analyzed the features of the metric which is a 
solution of the vanishing string theory sigma model /3-function equations, at leading order 
in a'. The metric studied shows confinement and also over-confinement, which depend 
on the size of the minimal surfaces used to calculate the Wilson loops. In fact, there is a 
critical minimal surface between those regimes. In the case of the NSVZ /3-function, as 
it was shown in ||, there exist two branches: one behaves asymptotically free in the UV 
limit and the other one shows a strongly coupled regime in that limit. There is also an 
attractive infrared point which means that the RG flow of the theory goes from the UV 
limit to the IR limit. In the branch of the strong coupling an interesting result emerges 
mi, around the attractive infrared point, there is a range of couplings where the theory 
only shows confinement. From those calculations an open question arises. That is about 
the meaning of the extra 21-dimensional manifold which is included in order to solve the 
vanishing one-loop /^-function equations of the string theory sigma model in the critical di- 
mension[]. Notice that this solution also satisfies the equations of motion of 5-dimensional 
gravity coupled to the dilaton field. In this sense, there is a connection between the RG 
approach |3|, || and the confining strings which has been pointed out by Alvarez and 
Gomez @, |§. 

In this paper we study the above mentioned question. In order to understand the 
role played by those extra coordinates we will calculate the Wilson loops using a metric 
which is a solution of the closed bosonic string theory sigma model /3-function equations, 
by considering that the 21-extra dimensions correspond to a hyper-plane 7i. We consider 
two situations, one is when the Wilson loop is drawn in such a way that the quark and 
the anti-quark are separated both in the Minkowski spacetime by L, and also in the 
hyper-plane 7i by a distance |Ay|. This point will be clarified latter. The other situation, 
when the quark- antiquark pair lies at the same point of the 21-dimensional hyper-plane 
2 This has been early studied in references H 

3 In the case of superstrings similar analysis can be done by means an extra 5-dimensional manifold. 
4 See also [[z) where a Liouville-string approach to confinement in four dimensional gauge theories is 
presented. 
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7i has already discussed in references |3|, Q (and in our context also in ]]J). We will 
use it as a check of consistency in the limit when \Ay\ — > 0, in the previous case. The 
expected result is that the critical size of the minimal surfaces depends on a scale I which 
is a function of the separation \Ay\ on the 21-dimensional hyper-plane []. This has an 
interesting consequence when it is applied to study the NSVZ /3-function in the infrared 
limit (on the branch of strong coupling). The range of couplings in which the theory is 
only confining reduces as \Ay\ increases, but as we shall see this reduction is bounded. It 
implies that the effect due to those extra coordinates leads to a reduction of the range of 
pure confinement of the theory. 

The first concrete realization of a connection between gravity and field theories has 
been made by Maldacena || , showing the duality between type IIB supergravity in AdS$ x 
S 5 and the M = 4 super Yang-Mills theory at the boundary. This AdS / CFT duality was 
developed in || [TO], [□], |T2| . In order to extend the duality to non-conformal field theories 
it has been proposed several possibilities ||13|1 . On the other hand, Polyakov proposed a 



string representation of Yang-Mills theories based on the zig-zag invariance of pure Yang- 
Mills Wilson loops H [14], [15], [U| [17[]. Here we are going to deal with the RG approach 



to the strings where the idea is to model the renormalization group equations of gauge 
theories from the string theory /3-functions. It implies to associate to the couplings of the 
gauge field theories some background fields of a closed string theory, so that the geometry 
dictates the properties of the gauge theory. 

Following reference p, ^] we solve the vanishing one-loop /3-function equations of the 
closed bosonic string theory in the critical dimension. Using the Liouville ansatz [[|. [(J 
those equations are trivially satisfied by any dilaton field. In the metric we identify 4 of 
the 26 coordinates as the Euclidean (£) (or Minkowski (M 4 )) spacetime, where the gauge 
theory lives. In this prescription it is assumed the following relation between the string 
coupling g s , the Yang-Mills coupling g YM and the dilaton: g s — e* = gy M . The second 
part of this is related with the soft dilaton theorem [IR |TS . 

Let us consider the following metric 

ds 2 = e 2 *(±rft 2 + dxidxi) + 4/ c V*(d$) 2 + dy% x , (1) 



5 For the effect of extra dimensions in Wilson loops in the large N limit of field theories on Calabi-Yau 
conical singularity see @] and references therein. 
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where i = 1, 2, 3, and l c is an arbitrary scale of dimension of length related to the 
running-energy scale of the field theory considered^, let us call it p. Here <3> = <£(//) is the 
dilaton field. As we said before we consider a 21-dimensional hyper-plane TC. The metric 
of Eq. ([I]) is a solution of the vanishing one-loop /3-functions of the bosonic strings [2C ] at 
the leading order in a', which for the critical dimension become 



^ + 2V M V,$ = , (2) 



and 



V 2 $ - 2 (V$) 2 = , (3) 

where V M $ = <9 M $ and V^V^ = d^d v ^ — r" d a $>. We set the antisymmetric three-form 
and the tachyon to zero. Using the ansatz p = e 2 * the metric of Eq. (fj) becomes 

ds 2 = p (±dt 2 + dxidxi) + l 2 c {dp) 2 + dy\ x , (4) 

where p = oo corresponds to the horizon and p=0 is the singularity. For the region 

near the singularity the present description breaks down. Essentially we are dealing with 

equations of motion for the background fields at first order in a', i.e. the background 

field approximation. However, as one approaches the singularity the spacetime becomes 

strongly curved. In that sense we would need to include additional terms in the a' 

expansion for the equations of motion. It means that we would be considering a limit 

which is not the decoupling limit in the sense that a' — > and the scaled fifth coordinate 

^7 is kept fixed. Usually, from the point of view of the dual gauge theory, what happens 

is that one can solve the weakly coupled limit of the gravity or supergravity equations 

of motions and then, through the duality prescription || [K| |ll|, |12 |, it is possible to 

know properties of the dual gauge theory. However, there is an important ingredient in 

this procedure: the mentioned duality implies that there is a correspondence between 

the weakly coupled limit of the gravity or supergravity theory and the strongly coupled 

limit of the gauge field theory. The other way does not work, i.e., one can not solve the 

strongly coupled limit of gravity by solving first the weakly coupled limit of the gauge 

theory. Naively one could think that the singularity would correspond to a free field 

theory, however, since one can not solve either the theory in the strongly curved space 

limit, it is not possible to give its precise meaning from the point of view of the gauge 

theory. We will return to this point at the end of the paper. 

6 Please notice that in that follows we will use three different scales: the dimensionless I related to the 
extra dimensions on 7i, the above mentioned l c (which in J3|, Q is related to the inverse of Aqcd), and 
also Is related to the string constant a' = l 2 s . 
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Figure 1: Schematic representation of the prescription of calculating 
the Wilson loops in terms of e*-coordinates. 



By computing the expectation value of the Wilson loops it is possible to obtain the energy 
of the separation of the quark- antiquark pair. Let us consider a Wilson loop C, drawn in 
a 4- dimensional Euclidean (Minkowski) space-time S, placed at e* c , (see figure 1). As 
it is usual we consider the limit when the time T is large and use the relation between 
the energy of the static configuration E and the action S, (E = S/T). We follow the 
Maldacena's proposal for the expectation value of the Wilson loop < W(C) >. This 



expectation value behaves like the exponential of the world-sheet area of a fundamental 
string describing the closed curve C on S (the curve C also lies on 7i when |Ay| ^ 0). 

In figure 2 we show a schematic representation of the quark- antiquark separation in 
the hyper-plane 7i. The figure on the left shows the case when there is a separation in 
x-coordinates (L) which lies on S, but not on the hyper-plane H, (here indicated by the 
vertical |/-axis). When the quark and the antiquark have different positions at the hyper- 
plane, let us say the points y a and y^, the distance \Ay\ naturally arises. It is indicated 
in the figure on the right. 

We start from the Nambu-Goto action 

Sng= 2^J da dT ^ detG MNd a X M dpX N , (5) 

where Gmn is the metric given by Eq. , and X M is a generic coordinate on the 26- 
dimensional space-time. Since we are interested in a static configuration we can take 



t = t and cr = x. Therefore the metric becomes 



ds 2 = ± e 2 * dr 2 + (e 2 * + 4 l 2 c e 4 * $ 2 + («9 CT $ 2 ) da 2 , 



(6) 



where <3> CT = while <9 CT ?7 = In addition, let us remember that [t] = [a] = [l c ] = 
[l s ] = [y] have dimension of length. In the static configuration the action is 



We consider configurations as it is shown in figure 1, where e 1 is the limit when 
$ — > — oo (represented by a dot at the origin). Since the scalar curvature R goes like 
e~ 4 *, it implies that at this point the metric has a naked singularity. As we said before 
in that limit the present description breaks down. Since e* = g s = gy M , it is possible to 
choice the position of the 4-dimensional hyper-plane S at any point of the fi coordinate, 
which corresponds to choosing a particular value of the coupling constant, here denoted 
by e® c . The string world-sheet can fluctuate orthogonally to the hyper-plane S, but the 
minimal surfaces are those corresponding to fluctuations in the direction of e* 1 . As we 
pointed out in M , in terms of the gauge theory language this means that semi-classically 
the RG flow goes from the strongly coupled regime to the weakly coupled one. However, 
if there is an attractive infrared point, it flows from the ultraviolet limit to the infrared 
one. We will consider the vertical axis as the x-direction and study a Wilson-loop of size 





L 



Figure 2. 
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L, as it is shown in figure 1. In the symmetric configuration x = corresponds to the 
minimum e*°, that is when one takes $o — (/•*())• F° r such a minimum d a y takes the 
value d a y§. Classically the following conditions are straightforwardly obtained by solving 
the Euler-Lagrange equations for the action of Eq.(|7|) 



/ e 2# + 4e 4* Z 2$2 + (^)2 

and 



/ e 2$ + 4e 4* /c 2 $ 2 + (^2 v / e 2* + (0^)2 

Those are obtained since the Lagrangian in the above action is independent of x and 
y. In this way Eq.([D comes from the energy conservation while Eq.@ is derived from 
momentum conservation in the hyper-plane 7i. From these expressions one gets the 
following relation 

where I is related to the distance between the quark- antiquark pair in the hyper-plane 
7i. In fact I is the sin a, where a is the angle between the quark and the antiquark as it 
is indicated in figure 2. Notice that from Eq.((^), for \d a yo\ — * oo we have I — > 1, while 
l^ybl << e *° corresponds to Z — > 0, which means that the distance on the hyper-plane TC 
has been taken to be very small. Taking into account the previous conditions of Eqs.(^) 
and (^), we can invert those expressions in order to obtain 

da = 2e*° l c Vl^P , = , (11) 

^{v 2 - l)(v 2 -l 2 + l) 

where we use the new variable v = while 

V 2 

dy = 2e 2 * 1 l c , dv . (12) 

y/(v 2 -l){v 2 -l 2 + l) 

Notice that for I = the distance \Ay\ trivially vanishes and Eq. flllD reduces to the case 
considered in 0. Integrating Eq.flllD one obtains the length of the Wilson loop 

L „, r, ^ /-* c /e*o 1 



2 



^ 2 -l)(v 2 -Z 2 + l) 



dw 



^^ ^(arccos^),^ 



2/ c e*° Vl-/ 2 ^ ; ve ' c/ ' v z ~" 7 , (13) 

y/2 ~ 



which in the limit of I — > reduces to the case studied in [I]]. On the other hand, the 
distance on TC results 

=^ = 2e 2 *° l c I I /■• 

2 



1 y/(v*-l)(v 2 -P + l) 



'e* 0> \ ll-l 2 



arccos 



+ 2Z c Ze 3Mc ^/( e 2(*c-*o) + i_/2)( e 2($ c -$ ) _ i) ; (14) 

which trivially reduces to as I — > 0, as it is expected from Q. Here F and are elliptic 
integrals of the first and second kind p2[, respectively. 




Figure 3: Derivative of the scaled Wilson- loop size L/e* c (in units of l c ) in terms of the 
dimensionless variable e*°/e* c . The zero of that derivative (maximum of L/e® c ) moves to 
the right as I — > 1. The zeros of the solid lines correspond to the extreme values of 
I = (left, lower solid straight line) and 1 (right, upper solid straight line), respectively. 

From Eqs. (|13D and flli ) we see that as I approaches to one, the separation of the 
pair on E decreases, while the separation in 7i increases. We will come back on this point 
latter. Since L is function of e* c and e* , we can plot L/e* c as a function of e*° /e* c . 
There is a maximum between the two regions (I and II) Jl|, [3], [|, |23|. The region I, i.e. 
below the maximum, corresponds to large world-sheets. 

In figure 3 we plot the derivative of L/e^ c as a function of e*°/e <I>c . We show three 
curves, the lower one (solid line) corresponds to / = 0. The maximum of L/e* c occurs 
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at e*° /e* c ~ 0.62 and it is Lj e^ c \ Maximum = 0.42 l c . It is precisely what happens when 
one reduces the problem to consider the quark and the antiquark at the same point in 
7i [|l], |3], f|]. On the other hand, we also plot the cases when I = 0.7 (showed by the 
dashed line) and 1 = 1 — 10 -15 (this is the upper solid line). The size of both the critical 
minimal surface and the Wilson loop L decreases as I — > 1. For instance, when we take 
1 = 1 — 10~ 15 , we are considering the limit of large separation on the 21-dimensional 
hyper-plane (see for instance figure 4). In this situation e®" /e^ c is approximately 0.652. 
Therefore, the effect of the extra dimensional manifold 7i is reflected on the size of the 
minimal surfaces and the corresponding Wilson loop sizes. 




Figure 4: Plot of |Ay|/e 2 * c (in units of l c ) function of the dimensionless 
variable e*°/e* c (horizontal axis) and I (transverse horizontal axis). 

By using the RG approach to the strings []3], £|, if one considers a /^-function with a 
pole in the infrared Jj], ||, there is a range of couplings {gyMt 0.62 -1 / 2 gy M (= 1.27 gy M )) 
for I = 0, and (g Y M-> 0.65 -1 / 2 gy M (= 1.24 g YM )) for I = 1, where only confinement takes 
place. Here // = A is the infrared attractive point. 

In figure 4 we plot |Ay|/e 2 * c (in units of l c ) as a function of e*°/e* c and /. For / = 0, 
|Ay|/e 2 * c = 0. For finite values of / the maximum moves up to e*°/e* c = 0.652, which 
corresponds to the limit for / = 1. Let us calculate the energy for the static configuration. 

7 Warccos , \/^F?T) 

E = 2e 3 *°-±-(l + l 2 )^ >^ V2 -^ 

Till v ; 3V2^P 
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4e 3 *°^-Z 2 (2-/ 



/ E ( arccos ( ^i- ( . i — — 



ttP s v ' 3 v / 2^ r 7 2 ~ 



+ _^£_ e 4$ -*c (2/ 2 + e 2(*c-*o)) ^( e 2(* c -* ) - F + ^(^(Sc-So) - 1) . (15) 

Expanding Eqs. (|T3|) and ([15]) in series of powers of e*°/e* c we get 



1— z 2 

2- 2 2 



r # 

fl = 4e' I ' v / r^ VV^-H y _ 4> /i372 e 2*o-*c + 0( e ^o-3»c) ; ( 16 ) 
< c V2 — / 2 



and 



7rt s- C/ __ f i <_ e * c +2$ 

2Z C 3 2 

+ C(e 4 *°- $c ) . (17) 

Here K(t) = F(~ , t) and E(t) = E(^,t) are the complete elliptic integrals of the first and 
second kind, respectively. Replacing L in terms of e*° in Eq.fliTD we get 

E 1 / ^P) 3 (-2 / 2 (2 - / 2 ) E (M) ± g + P > g (^)) .3 , 0fe 3, el 

(18) 

which leads to over- confinement. In the strongly coupled limit (e c — > oo) the above 
expression becomes divergent. However, the divergent part is independent of the size 
of the Wilson loop. In the context of AdS/CFT duality this kind of divergence was 
regularized by a mass renormalization or by considering the Legendre transform 

of the minimal area |25|. In our case, observing that zero-size Wilson loops diverge we 
will drop the L independent divergent term and measure the energy with respect to the 
zero-size Wilson loops. In this limit L becomes 



v££i ■ (19) 



which is exactly the same as in H when one takes 1 = 0, that is 



£°oo = V^ c e* ^| • (20) 
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The energy for that configuration is 



1-1 2 



E = 9 P 3 *0 A. (1 + / 2 ^ M /^) _ 4 p 3$p j£_ /2/Q _ /2N ^ VV ^-/- / ,,, n 

In the limit / = it reduces to 

which is, as it is expected, proportional to L 3 . 

A quite different situation arises when the region II is analyzed. In this region e* 
is close to e* c . In such a case we have to do the integration between 1 and 1 + e, so that 
we have 

T = 2i ^°^(^ 1/2 -^ £3/2 + ° (£i) ) ' (23) 

E ^^7hr^ + °^ ■ (24) 



and 



s 

At order ^fe it gives 

e 2 * 1 

Ee = — ttt ; L e , (25) 

indicating confinement at region II (area law). The above expression reduces to the case 
of I] when 1 = 0. In the present context the extra dimensions increase the value of 
the effective tension by a factor yj=p , which is expected since it takes into account the 
separation of the quark- antiquark pair on 7i. The separation |Ay|/e 2<I>c in the hyper-plane 
7i also behaves linearly as a function of L and it is an increasing function of / as it is 
shown in figure 4. For every value of I the maxima of \Ay\/e 2 ' s?c and L/e* c take place at 
the same point, i.e. e*o /e* c , as it should be expected. 

In figure 5 we show the shape of critical minimal surfaces for different values of 
The hyper-plane S is placed at e* c . The solid line represents the critical minimal surface 
corresponding to I = 0. The dotted lines represent critical minimal surfaces for < I < 1. 
Given some value of I there is a critical minimal surface below of which the theory shows 
confinement only. Above of that there is over- confinement. In the particular case of the 
NSVZ /^-function, it has a pole in the infrared, it means that given a value of the coupling, 
i.e. Qym = e * c > the size of the critical minimal surface is upper bounded. It implies that 
the range of couplings where the theory has only confinement decreases as I increases from 
g YM = 1 -^9ym to 9ym = 1-24 g$ M . 
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Figure 5: Schematic shape of the critical minimal 
surfaces used in calculating the Wilson- loops. 



Therefore, there are effects due to the flat extra dimensions on the separation L and 
also on the string tension. The length of the Wilson loop L (measured on the Minkowski 
spacetime) decreases as the parameter I increases. On the other hand, the separation of 
the quark- antiquark pair increases in the hyper-plane 7i. The string tension also increases 



by a factor 



(cos a) 1 , as it is expected. 



Concerning the singularity and its consequences on the dual field theory, in an anal- 
ogous situation as the one described in ||, the existence of a maximum for L in terms of 
e*°/e* c , as we mentioned before, implies the existence of two regions. This phenomenon 
resembles the case studied in reference p3f related to a Schwarzschild-anti de Sitter solu- 
tion. In such a situation a horizon appears and covers the singularity. Taking into account 
23fl , in our case it has been suggested |4| that the point e*° /e* c , where L has a maxi- 



mum, could be interpreted as an effective horizon. This is equivalent to say that there 
is a cut-off preventing to reach the singularity. If one trust this effective horizon, then 
only in region II it is possible to draw Wilson loops. This means that from the side of the 
gauge theory we should have only confinement, and not over- confinement. Nevertheless, 



even when we do not consider that Schwarzschild-anti de Sitter case of reference |23| , the 
singularity which is present in our construction is not contained in the usual classification 
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scheme [^] since we have not a scalar potential in the equations of motion, as that cri- 
terion requires, in order to decide whether the singularity is good or bad. On the other 
hand, one can try to analyze the situation presented here under the light of the criterion 



of reference | 27| . In that reference the related issue is that the time-like component of 
the metric goo has to be either a non- increasing function or it should be bounded from 
above as one approaches the singularity. These are the strong and weak versions of the 
same criterion, respectively. In fact, in our case goo is zero at the singularity, in this sense 
we could think that the solution is acceptable although we can not trust the dual gauge 
theory if we analyze a region near the singularity because the spacetime becomes strongly 
curved as we can see from the scalar curvature. Taking into account these arguments we 
can consider that the way to deal with our singularity should be the case suggested in 
M by understanding that a cut-off has to be introduced around the singularity. On the 
other hand, in relation to the criterion of [27] we should also be careful in the case when 
p —* oo, because from Eq.(4) g 00 — ► oo as $ — > +00. This, of course, corresponds to the 
strongly coupled limit of the gauge theory. Nevertheless, this is not a problem because, 
in principle, we can exclude the limit $ — > +00 in the present analysis so that the results 
presented here remain valid. 



We would like to thank Juan Pedro Garrahan, Ian Kogan, Bayram Tekin, Michael Te- 
per for useful discussions. We thank Carlos Nunez for a critical reading of the manuscript 
and his useful comments, as well as Rafael Hernandez for correspondence. This work 
has been partially supported by the CONICET of Argentina, the Fundacion Antorchas 
of Argentina and The British Council. 



References 

[1] I.I. Kogan, M. Schvellinger and B. Tekin, "Holographic renormalization group flow, 
Wilson loops and field-theory f3 -functions", Nucl. Phys. B (2000) in press, |hep- 
th/0004l85 . 

[2] V.A. Novikov, M. Shifman, A.I. Vainshtein, V.I. Zakharov, "Exact G ell- Mann-Low 
function of super- symmetric Yang-Mills theories from instanton calculus", Nucl. 
Phys. B229 (1983) 381. 



13 



[3] E. Alvarez, C. Gomez, "Non-critical confining strings and the renormalization group' 
Nucl. Phys. B550 (1999) 169, frep-th/9907158 . 



E. Alvarez, C. Gomez, "The renormalization group approach to confining string", 
Nucl. Phys. B574 (2000) 153, |hep-th/99112T5| . 

E. Alvarez, C. Gomez, "Geometric holography, the renormalization group and the 
c-theorem", Nucl. Phys. B 541 (1999) 441, |hep-th/00010l"6 . 



E. Alvarez, C. Gomez, "A comment on the holographic renormalization group and 
the soft dilaton theorem", Phys. Lett. B476 (2000) 411, |hep-th/0003205 . 



[4] E. Alvarez, C. Gomez, "On the string description of confinement" , JHEP 0005 (2000) 
012, |hep-th/0003205 . 



[5] I.I. Kogan, M. Shifman, "Two phases of super-symmetric gluodynamics", Phys. Rev. 
Lett. 75 (1995) 2085. 

[6] A.M. Polyakov, "Confining string", Nucl. Phys. B486 (1997) 23, |hep-th/9607049| . 
A.M. Polyakov, "String theory and quark confinement" , Nucl. Phys. Proc. Suppl. 68 
(1998) 1, |hep-th/97lT002] 

A.M. Polyakov, "The wall of the Cave", J. Mod. Phys. A 14 (1999) 645, [hep 
th/9809057| . 



[7] N.E. Mavromatos, "World-sheet defects, strings, and quark confinement", Inter- 
national Workshop of the Hellenic Society for the Study of High-Energy Physics, 
Athens, Greece, 1998, |hep-th/9803l89| . 

J. Ellis, N.E. Mavromatos, "Confinement in gauge theories from condensation of 
world-sheet defects in Liouville string", Int. J. Mod. Phys. A14 (1999) 3761, hcp-| 
th/980817^ . 



[8] E. Caceres, R. Hernandez, Wilson loops in the Higgs phase of large N limit field 
theories on the conifold, JHEP 0006 (2000) 027, |hep-th/ 0004030] 

[9] J. Maldacena, "The large N limit of super- conformal field theories and super- gravity" , 
Adv. Theor. Math. Phys. 2 (1998) 231; Int. J. Theor. Phys. 38 (1999) 1113, |Eeg 



th/9711200 . 



[10] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, "Gauge theory correlators from non- 
critical string theory", Nucl. Phys. B 526 (1998) 393, |hep-th/980210£ . 



14 



[11] E. Witten, "Anti de Sitter space and holography", Adv. Theor. Math. Phys. 2 (1998) 
253, frep-th/9802150 . 



[12] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri, Y. Oz, "Large N field theories, 
string theory and gravity", Phys. Rept. 323 (2000) 183, |hep-th/9905TTl| . 

[13] E. Witten, "Anti-de Sitter space, thermal phase transition and confinement in gauge 
theories", Adv. Theor. Math. Phys. 2 (1998) 505, |iep-th/980313T . 



S. Gubser, A.Hashimoto, I. Klebanov, M. Krasnitz, "Scalar absorption and the break- 
ing of the world volume conformal invariance" , Nucl. Phys. B526 (1998) 393, |hcp 
th/9803023|. 



I. R. Klebanov, A. A. Tseytlin, "D-branes and dual gauge theories in type strings' 
Nucl. Phys. B546 (1999) 155, |hep-th/9811035 . 



J. A. Minahan, "Glueball mas spectra and other issues for supergravity duals of QCD 
models", JHEP 9901 (1999) 020, |hep-th/9811156 . 



I. R. Klebanov, A. A. Tseytlin, "Asymptotic freedom and infrared behavior in the type 
string approach to gauge theory", Nucl. Phys. B547 (1999) 143, |hep-th/ 98 12089 



Adi Armoni, Barak Kol, "Non-supersymmetric large N theories from type brane 
configurations", JHEP 9907 1999 011, |hep-th/990608U 

C. Angelantonj, A. Armoni "Non-tachyonic type 0B orientifolds, non-supersymmetric 
gauge theories ans cosmological RG flow", [hep-th/99 12257] . 

J. Polchinski, M.J. Strassler, " The string dual of a confining four- dimensional gauge 
theory", |hep-th/00031~36 . 



[14] A. Migdal, "Hidden symmetries of large N QCD", Prog. Theor. Phys. Suppl. 131 
(1998) 269, |hep-th/9610i26l . 

[15] A. Polyakov and V.S. Rychkov, "Gauge fields-string duality and the loop equation", 
|hep-th/000210e . 

A. Polyakov and V.S. Rychkov, "Loop dynamics abd AdS/CFT correspondence", 



hep-th/ 0005 173 . 

[16] I.R. Klebanov, I.I Kogan, A.M Polyakov, "Gravitational dressing of renormalization 
group", Phys. Rev. Lett. 71 (1993) 3243, |hep-th/9309106j 

I.I. Kogan, O.A. Solovev, "Gravitationally dressed RG flows and ZigZag invariant 



strings", Phys. Lett. B442 (1998) 136, [hep-th/9807223 



15 



[17] E. Alvarez, C. Gomez, T. Ortm, "String representation of Wilson loops", Nucl. Phys. 
B545 (1999) 217, |hep-th/9806075| . 



[18] M. Ademollo, A. D'Adda, R. D'Auria, F. Gliozzi, E. Napolitano and S. Sciutto, P. 
Di Vecchia, "Soft dilatons and scale renormalization in dual theories", Nucl. Phys. 
B94 (1975) 221. 

[19] E. Alvarez, C. Gomez, "The confining strings from the soft-dilaton theorem", Nucl. 
Phys. B566 (2000) 363, |hep-th/9907158| . 



[20] C. G. Callan, D. Friedan, E. J. Martinec, M. J. Perry, "Strings in background fields", 
Nucl. Phys. B 262 (1985) 593. 

[21] J. Maldacena, "Wilson loops in large N field theories", Phys. Rev. Lett. 80 (1998) 
4859, liep-th/ 9803002] 



[22] I.S. Gradshteyn and I.M. Ryzhik, "Table of Integrals, Series and Products", Fifth 
edition, Academic Press Inc., 1994. 

[23] Soo-Jong Rey, Jungtay Yee "Macroscopic strings as heavy quarks in large N gauge 
theory and anti-de Sitter supergravity" , [hep-th/9803001| . 

Soo-Jong Rey, Stefan Theisen, Jung-Tay Yee, "Wilson-Polyakov loop at finite tem- 
perature in large N gauge theory and anti-de Sitter supergravity" , Nucl .Phys. B527 
(1998) 171, |hep-th/9803135| . 

[24] A. Brandhuber, N. Itzhaki, J. Sonnenschein, S. Yankielowicz, "Wilson loops, con- 
finement, and phase transitions in large N gauge theories from supergravity" , JHEP 
9806 (1998) 001, |hep-th/9803263| . 

A. Brandhuber, N. Itzhaki, J. Sonnenschein, S. Yankielowicz, "Wilson loops in the 
large N limit at finite temperature", Phys. Lett. B434 (1998) 36, |hep-th/9803T3"7 . 



N. Itzhaki, J. M. Maldacena, J. Sonnenschein, S. Yankielowicz, "Supergravity and the 
large N limit of theories with sixteen supercharges" , Phys. Rev. D58 (1998) 046004, 
|hep-th/9802042| . 

[25] N. Drukker, D.J. Gross and H. Ooguri, "Wilson loops and minimal surfaces", Phys. 
Rev. D 60 (1999) 125006, |hep-th/9904191 . 



16 



[26] S.S. Gubser, Curvature singularities: the good, the bad, and the naked, |hep- 
| th/0002T6C . 



[27] J. Maldacena, C. Nunez, Supergravity description of field theories on curved manifolds 
and no go theorem, [hep-th/ 00070 18| . 



17 



